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Distributed chaos and inertial ranges in turbulence
A. Bershadskii
ICAR, P.O. Box 31155, Jerusalem 91000, Israel
It is shown that appearance of inertial range of scales, adjacent to distributed chaos range, results
in adiabatic invariance of an energy correlation integral for isotropic homogeneous turbulence and
for buoyancy driven turbulence (with stable or unstable stratification, including Rayleigh-Taylor
mixing zone). Power spectrum of velocity field for distributed chaos dominated by this adiabatic
invariant has a stretched exponential form ∝ exp(−k/kβ)3/5. Results of recent direct numerical
simulations have been used in order to support these conclusions.
INTRODUCTION
Exponential spectrum is a typical characteristic of
smooth deterministic chaos [1],[2]. Isotropic and homoge-
neous turbulence emerges from distributed chaos [3] with
spectrum
E(k) '
∫ ∞
0
P(κ) e−(k/κ)dκ (1)
where P(κ) is a distribution of the wavenumber κ of the
waves driving the chaos. An asymptotic theory, devel-
oped in the Ref. [3], relates the dispersion asymptotic
scaling of the driving waves velocity
υ(κ) ∝ κα (2)
to the stretched exponential spectrum of the distributed
chaos
E(k) ∝ exp(−k/kβ)β (3)
where
β =
2α
1 + 2α
(4)
For the isotropic homogeneous turbulence (without in-
ertial range of scales) the space translational symmetry
- homogeneity, dominates the scaling Eq. (2). Due to
the Noether’s theorem [4] this symmetry results in the
momentum conservation, represented by the momentum
correlation integral
I2 =
∫
〈u · u′〉dr (5)
invariance [5]-[7]. Here u = u(x, t) is the velocity field
and u′ = u(x+r, t). This integral is also called Birkhoff-
Saffman invariant. Substituting I2 into Eq. (2) and using
the dimensional considerations one obtains
υ(κ) ∝ I1/22 κ3/2 (6)
Then using Eq. (4) one obtains β = 3/4.
Figure 1 shows 3D energy spectrum obtained in
a numerical simulation of the isotropic homogeneous
turbulence [8] at Reynolds number Reλ = 38 (in the
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FIG. 1: 3D energy spectrum obtained in a numerical simula-
tion of the isotropic homogeneous turbulence [8] at Reynolds
number Reλ = 38. The dashed line is drawn in order to indi-
cate the distributed chaos spectrum Eq. (3) with the β = 3/4.
log-log scales, kd is the Kolmogorov’s scale [9]). The
dashed line is drawn in order to indicate the distributed
chaos spectrum Eq. (3) with the β = 3/4. For more
examples and details see the Ref. [3].
INERTIAL RANGE DOMINATION
This is valid for the smooth systems. For sufficiently
large Reynolds numbers the isotropic homogeneous tur-
bulence becomes not smooth (rough) at certain region of
scales. Usually the wavenumbers corresponding to such
’rough’ range are smaller then those corresponding to the
distributed chaos range. The rough range can produce
scaling spectra and it is related to a new attractor or
even to a new solution of the nonlinear equations [10]. A
prominent example of such range is known as an inertial
one, because for its scales the inertial (nonlinear) terms
becomes dominating. Let us, following to a recent Ref.
[11], estimate relative contribution of the different com-
ponent (advection and pressure) of the nonlinear part of
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2the Navier-Stokes equations
∂u(x, t)
∂t
+ (u(x, t) · ∇)u(x, t) = −∇p(x, t) + ν∆u(x, t)
(7)
∇ · u(x, t) = 0 (8).
to the variance of the nonlinear term.
In the Fourier transform of Eq. (7)
∂ui(k)
∂t
−Ni(k) = −νk2ui(k) (9)
with the nonlinear term
Ni(k) = − i
2
Rijm(k)
∫∫
δ(k − q − p)um(q)uj(p)dqdp
(10),
Rijm(k) = kmδij + kjδim − 2kjkmki
k2
(11)
the pressure is absent due to the incompressibility Eq.
(8). But this does not mean that the pressure contribu-
tion is also absent from the mean-square nonlinearity
N 2 = 〈|∇p(x) + (u(x) · ∇)u(x)|2〉 (12)
which spectrum can be defined as
EN (k) = 4pik2 〈Ni(−k)Ni(k))〉 (13)
and
N 2 =
∫
EN (k)dk (14)
It is shown in the Ref [11] that in the frames of the Kol-
mogorov phenomenology
EN (k) ∝
〈|u(x)|2〉 ε2/3k1/3 (15)
for the inertial range of scales. Since in this range scaling
of the spectrum of the pressure gradient [11],[13]
E∇p(k) ∝ ε4/3k−1/3 (16),
it was concluded in the Ref. [11] that for large enough
Reynolds number the variance of the nonlinearity is dom-
inated by the advection term (u(x, t) ·∇)u(x, t) (see also
Ref. [12]).
Let us (dot-) multiply both sides of the Eq. (7) by
u(x, t)
1
2
∂u2
∂t
= −1
2
(u · ∇)u2 − u · ∇p+ ν u ·∆u (17)
where u2 = u · u.
It can be readily shown (in the same manner as it
was done for the passive scalar correlation integral - the
Corrsin invariant, in Section 15 of the Ref. [9]) that the
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FIG. 2: 3D energy spectrum obtained in a recent numerical
simulation of the isotropic homogeneous turbulence [14] at
Reynolds number Reλ = 650.
.
advection term in the Eq. (17) conserves the energy cor-
relation integral
E =
∫
〈u2 · u′2〉dr (18)
This and the domination of the advection term in the
inertial range of scales result in adiabatic [4] invariance
of the energy correlation integral E in the inertial range
of scales. Appearance of the inertial range nearby (at
smaller wavenumbers) of the distributed chaos range re-
sults in deformation of the energy flux into the dis-
tributed chaos range of scales (they were governed by dif-
ferent conservation laws - energy and momentum conser-
vation, respectively). The waves driving the distributed
chaos should have a sufficiently fast dynamics in order
to adapt themselves to the energy flux from the inertial
range. Their scaling dynamics cannot be slower than
that in the inertial range in order to do this. Therefore,
the energy correlation integral E should be an adiabatic
invariant for these waves as well. This should results in
a competition between E and I2 invariants for governing
the scaling Eq. (2). If with developing of the inertial
range (with increase of the Reynolds number) the adia-
batic invariant E wins this competition, then
υ(κ) ∝ E1/4 κ3/4 (19)
and from the Eq. (4) one obtains β = 3/5.
Figure 2 shows 3D energy spectrum obtained in a re-
cent numerical simulation of the isotropic homogeneous
turbulence [14] at Reynolds number Reλ = 650 (in the
log-log scales, kd is the Kolmogorov’s scale). The solid
straight line with slope ’-5/3’ is drawn to indicate ap-
pearance of the Kolmogorov’s scaling (inertial) range [9]
(cf Fig. 4b of the Ref. [14]). The dashed line is drawn
3in order to indicate the distributed chaos spectrum Eq.
(3) with the β = 3/5. The dotted arrow indicates value
kβ,0 separating between the rough (stochastic) and the
smooth (chaotic) ranges of wavenumbers: ln kd/kβ,0 ' 3
(see the Refs. [3],[15]).
BUOYANCY DRIVEN TURBULENCE
This consideration can be readily generalized for buoy-
ancy driven turbulence. In the Boussinesq approxima-
tion the both stable and unstable stratification can be
described by equations
∂u
∂t
+ u · ∇u = − 1
ρ0
∇p−Nθeg + ν∇2u + f (20),
∂θ
∂t
+ u · ∇θ = s N u · ez +D∇2θ (21),
∇ · u = 0 (22);
with s = 1 for the stable and s = −1 for the unstable
case and with rescaling the buoyancy field θ as a veloc-
ity. The Brunt-Va¨isa¨la¨ frequency N =
√
−(g/θ)(dθ¯/dz)
for stable stratification (see Ref. [16] for definition of N
for unstable stratification in the Rayleigh-Taylor mixing
zone). Usually the unit vector in the buoyancy direction
eg = ez (we will consider this standard case). By (dot-)
multiplying both sides of the Eq. (20) by u and both
sides of the Eq. (21) by θ, and making their summation
one obtains
1
2
∂(u2 + sθ2)
∂t
= −1
2
(u · ∇)(u2 + sθ2)− 1
ρ0
u · ∇p +
+ν u ·∆u+ sD ∇2θ + f (23)
At appearance of an inertial range of scales consider-
ation similar to that of the previous section shows that
the generalized energy correlation integral
Eb =
∫
〈(u2 + s θ2) · (u′2 + s θ′2)〉dr (24)
is an adiabatic invariant for the waves driving the
distributed chaos. And since the dimensionality of the
Eb is the same as dimensionality of the E one obtains
(substituting Eb in Eq. (19) instead of E) the same value
of β = 3/5 in this case as well.
The spectral data obtained in a DNS for stable
stratification with large-scale forcing were reported in
the Ref. [17]. This DNS used randomly generated 3D
isotropic flows for the initial conditions and for velocity
forcing (Re ' 25000 and Pr = 1). The data shown in
Fig. 6a of the Ref. [17] were used for presentation in the
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FIG. 3: The generalized energy spectrum (k is isotropic wave
number) for N = 4. The dashed line is drawn to indicate the
spectral law Eq. (3) with β = 3/5. The straight solid line
(with the ’-5/3’ slope) indicates appearance of the inertial
range.
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FIG. 4: Power spectrum of the vertical component of velocity
field obtained in a DNS for unstable stratification (Rayleigh-
Taylor mixing zone) [18]. The dashed line is drawn to indicate
the spectral law Eq. (3) with β = 3/5. The straight solid line
(with the ’-5/3’ slope) indicates appearance of the inertial
range.
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Fig. 3. Figure 3 shows the generalized energy spectrum
(k is isotropic wave number) for N = 4 (the Froude
number Fr = 0.1). The dashed line is drawn to indicate
the spectral law Eq. (3) with β = 3/5. The straight
solid line (with the ’-5/3’ slope) indicates appearance of
the inertial range.
Spectral data obtained in a DNS for unstable strati-
fication (Rayleigh-Taylor mixing zone) were reported in
the Ref. [18]. The data shown in Fig. 9 of the Ref. [18]
(computed at time t = 3.1τ) were used for presentation
of the power spectrum of the vertical component of
velocity field in the Fig. 4. The dashed line is drawn
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FIG. 5: Generalized (total) energy spectrum of a forced
(statistically steady) three-dimensional MHD turbulence (the
spectral data are from a DNS reported in Fig. 2d of Ref.
[20]).
to indicate the spectral law Eq. (3) with β = 3/5.
The straight solid line (with the ’-5/3’ slope) indicates
appearance of the inertial range.
The spectra in the inertial range have been corrupted
by large-scale structures in the both stable and unsta-
ble cases shown in the Figs. 3 and 4, and the presum-
ably inertial ranges are rather short. Nevertheless, the
above described mechanism of the inertial range domi-
nation in respect of the distributed chaos spectral prop-
erties is already clear seen. The large-scale structures,
corrupting the inertial range spectrum, do not corrupt
the distributed chaos spectrum with its smaller than in-
ertial wavenumbers. The only apparent influence of the
large scale structures on the distributed chaos is a tun-
ing of the distributed chaos to these structures in the
Rayleigh-Taylor mixing zone, shown by an arrow in the
Fig. 4.
DISCUSSION
The energy correlation integral competes (as an adia-
batic invariant) not only with the correlation integrals re-
lated to the fundamental conservation laws (fundamental
symmetries) but also with spontaneous breaking of these
symmetries due to the finite-size effects. Therefore the
value β = 3/5 competes also with value β = 1/2 (spon-
taneous breaking of the space translational symmetry -
homogeneity [19]), for instance.
For magnetohydrodynamics (MHD) turbulence the
symmetry spontaneous breaking effects are actually dom-
inating ones, because the generalized (total) energy cor-
relation integral is not an adiabatic invariant in this case.
Figure 5 shows generalized (total) energy spectrum of a
forced (statistically steady) three-dimensional MHD tur-
bulence. The spectral data are from a DNS reported in
Fig. 2d of Ref. [20]. The straight solid line (with the
’-5/3’ slope) indicates appearance of the inertial range,
while the dashed line indicates the spectral law Eq. (3)
with β = 1/2 corresponding to the spontaneous breaking
of the space translational symmetry - homogeneity [19]).
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